Let F be an infinite field and U T (d 1 , . . . , d n ) be the algebra of upper block-triangular matrices over F . In this paper we describe a basis for the G-graded polynomial identities of U T (d 1 , . . . , d n ), with an elementary grading induced by an n-tuple of elements of a group G such that the neutral component corresponds to the diagonal of U T (d 1 , . . . , d n ). In particular, we prove that the monomial identities of such algebra follows from the ones of degree up to 2n − 1. Our results generalize for infinite fields of arbitrary characteristic, previous results in the literature which were obtained for fields of characteristic zero and for particular G-gradings.
Introduction
Lef F be an infinite field and U T (d 1 , . . . , d n ) the algebra of upper block triangular matrices. It is the subalgebra of the matrix algebra where A ij is a block of size d i × d j . In this paper we study the graded polynomial identities of upper block triangular matrix algebras U T (d 1 , . . . , d n ) over an infinite field F . These algebras appear in the classification of minimal varieties (see [22] ) and are generalizations of the matrix algebras (when n = 1) and the algebra U T n (F ) of upper triangular matrices (when
One of the main problems in the theory of PI-algebras is the (generalized) Specht problem about the existence, for a given class of algebras, of finite basis for the T -ideals of identities. This problem for the ordinary identites of associative algebras over a field of characteristic zero was solved by Kemer (see [24] , [25] ). In the case of associative algebras graded by a finite group it was solved by I. Sviridova [32] in the case of abelian groups and by E. Aljadeff and A. Kanel-Belov [1] in the general case. Over fields of positive characteristic however the situations is different and ideals of identities without finite basis exist (see for example [9] , [23] , [31] ). The basis for the graded identities of U T (d 1 , . . . , d n ) in our main result (Theorem 3.7) is finite, provided that G is finite.
The algebras of block triangular matrices admit gradings by any group G in which the elementary matrices are homogeneous. These are called elementary gradings (or good gradings, see [8] ). The algebras U T n (F ) admit elementary gradings only (see [33] ). Over an algebraically closed field of characteristic 0 every grading on M n (F ) by a finite group is obtained by a certain tensor product construction from an elementary grading and a fine grading (see [7] ). If moreover the group is abelian an analogous result holds for the algebra U T (d 1 , . . . , d n ) (see [34] ).
Explicit basis for the identities are known for a few algebras only and for the algebras U T (d 1 , . . . , d n ) (over an infinite field) the only known basis for the ordinary identities are for the algebras M 2 (F ) (see [30] , [20] , [26] ) and U T n (F ) (see [28] ). In general ideal of identities of U T (d 1 , . . . , d n ) is the product of the ideals of identities of the matrix algebras M d i (see [21] ). An analogous property for the graded identities of block triangular matrix algebras was studied in [12] . Elementary gradings on U T n (F ) and the corresponding graded identities were studied in [16] and in particular it was proved that elementary gradings can be distinguished by their graded identities. An analogous result for U T (d 1 , . . . , d n ) with an elementary grading by an abelian group was obtained in [17] .
When charF = 0 a complete description of the Z 2 -graded identities of M 2 (F ) (and other PI-algebras) was given in [11] . Analogous basis for the identities of M n (F ) with elementary Z and Z n gradings were determined by Vasilovsky in [35] , [36] . These results were also established for infinite fields (see [27] , [4] , [5] ) and analogous results were obtained for related algebras (see [11] , [13] , [14] ). Graded identities of M n (F ) were studied more generally in [6] and in particular a basis for the graded identities of M n (F ) with certain elementary gradings was determined. The elementary G-gradings considered are the ones induced by an n-tupple of pairwise different elements of G. The result considering an infinite field was obtained in [18] . In this case the basis is analogous to the one obtained by Vasilovsky and some monomial identities may be necessary. Recall that a G-grading on an algebra A is called nondegenerate if the ideal of graded identities of A contains no monomials. These types of gradings were studied in [2] , [3] . Vasilovsky proved that Z n -grading on M n (F ) is nondegenerate and that for the Z-gradings one needs to consider the monomial identities of degree 1 corresponding to the homogeneous components of dimension 0.
In this paper we prove that the basis given in [6] holds for the algebras U T (d 1 , . . . , d n ) over an infinite field F . Moreover we prove that it is only necessary to include the monomial identities of degree up to 2n − 1 in the basis. The ideas used are similar to those in [6] and [4] , [5] . We remark that in [10] a similar result was proved for Z n -graded identities.
Preliminaries
In this paper we consider associative algebras over an infinite field F and vector spaces are also considered over F .
Graded algebras and graded polynomial identities
Let A be an algebra and G a group. A G-grading on A is a vector space decomposition A = ⊕ g∈G A g compatible with the multiplication of the algebra in the sense that the inclusions
hold for any g and h in G. A nonzero element a in ∪ g∈G A g is called a homogeneous element. Clearly to every homogeneous element a corresponds an element g in G such that a ∈ A g . We say that this g is the degree of a in the given G-grading. The set {g ∈ G|A g = 0} is the support of the grading and is denoted by suppA.
A subspace V of A is a homogeneous subspace if V = ⊕ g∈G (V ∩ A g ). A subalgebra B is a homogeneous subalgebra if it is homogeneous as a subspace and in this case B = ⊕ g∈G B g , where
The G-grading on a homogeneous subalgebra B of A is assumed to be this one.
Let X = ∪X g be a disjoint union of a family of countable sets X g = {x (1) g , x (2) g , . . . } and F X be the free associative algebra. A polynomial
gn ∈ A gn . The set T G (A) of all graded polynomial identities of A is an ideal of F X invariant under all graded endomorphisms of this algebra, i.e. it is a T G -ideal. If S is a set of polynomials in F X the intersection U of all T G -ideals containing S is a T Gideal. In this case, we say that S is a basis for U . Two sets are equivalent if they generate the same T G -ideal. Since the field F is infinite it is well known that every polynomial f in F X is equivalent to a finite collection of multihomogeneous identities. Hence we may reduce our considerations to multihomogeneous polynomials.
Elementary gradings on block-triangular matrices
Let (g 1 , . . . , g m ) be an m-tuple of elements of G and A = M m (F ) be the full matrix algebra of order m. If we set A g to be the subspace spanned by the elementary matrices e ij such that g
and this decomposition is a G-grading. Let B be a subalgebra of A generated by elementary matrices. Then B is a homogeneous subalgebra. In particular
We say that the G-grading on U T (d 1 , . . . , d m ) (and more generally on B) is the elementary grading induced by (g 1 , . . . , g n ).
Let e denote the unit of the group G and consider B = U T (d 1 , . . . , d m ) with the elementary grading induced by (g 1 , . . . , g n ). The elementary matrices e ii have degree e and therefore the dimension of the component B e is ≥ n. We have dimB e = n if and only if the elements in the n-tuple inducing the grading are pairwise distinct. Equivalently the polynomial x 
Generic Graded Algebras
Let g = (g 1 , . . . , g n ) be a n-tuple of pairwise distinct elements of G. Denote by A = ⊕ g∈G A g the algebra M n (F ) with the elementary grading induced by g. Let B be a subalgebra of A with basis {e i 1 j 1 , . . . , e i l j l } as a vector space. Denote by G 0 (resp. G A 0 ) the support of the grading on B (resp. A). Let g be an element in the support G 0 of the grading of B. Denote by D g the set of indexes i ∈ {i 1 , . . . , i l } such that for some j ∈ {j 1 , . . . , j l } the matrix unit e ij has degree g. Recall that the n-tuple g consists of pairwise distinct elements of G. This implies that for each i ∈ D g there exists exactly one index in {j 1 , . . . , j l }, denoted by g(i), such that e i g(i) ∈ B g . Thus we obtain a function g :
Denote by Ω the algebra of polynomials in commuting variables
The algebra M n (Ω) has a natural G-grading where the homogeneous component of degree g is the subspace generated by the matrices m ij e ij , where e ij ∈ A g and m ij is a monomial in Ω.
Definition 2.1 For each g ∈ G 0 and each natural number k the element
of M n (Ω) is called a graded generic element. The algebra G(B) generated by the ξ
. . is called the algebra of graded generic elements of B.
The algebra G(B) is a homogeneous subalgebra of M n (Ω) and is a graded algebra with the inherited grading. If B = A the above construction yields the graded algebra G(A) of generic elements of A. The generic element in G(A) corresponding to g ∈ G A 0 and k will be denoted by ξ
. The following result is well known. Theorem 2.2 Let F be an infinite field. The algebra G(B) is isomorphic as a graded algebra to the relatively free G-graded algebra F X /Id G (B).
g is clearly onto. Moreover as in the case of the generic matrix algebra (see [22, Theorem 1.4 .4]) we have kerΘ = T G (B) and the result follows.
The main result
Given g 1 , g 2 , . . . , g p ∈ G 0 we consider the composition ν = g p · · · g 1 of the corresponding functions. This may not be well defined and we will prove in the next lemma that in this case the monomial x (1)
Moreover if the set D hp··· h 1 is nonempty then the ith line of the matrix ξ
hp is nonzero if and only if i ∈ D hp··· h 1 . In this case if j = h p · · · h 1 (i), the only nonzero entry in the i-th line is a monomial of Ω in the j-th column.
Proof. The proof is by induction on the length p of the product. The result for p = 1 follows directly from Definition 2.1. Hence we consider p > 1 and assume the result for products of length p − 1. Let us consider first the case
The induction hypothesis implies that there exists monomials m i , where
Note that e iν(i) e j hp(j) = 0 for some j if and only if i ∈ D hp··· h 1 and in this case the product equals e i hp(j) . Hence we obtain
)e i hp(ν(i)) , and the result follows. Now assume that
by the induction hypothesis ξ
= 0 and the result holds.
Moreover if D h p−1 ··· h 1 = ∅ then we may write the product ξ
as in (1) . Since D hp··· h 1 = ∅ every product e iν(i) e j hp(j) equals zero and therefore ξ
hp in F X is a graded identity for B then it is a consequence of a monomial in T G (B) of length at most 2n − 1.
Proof. The result follows if we prove that every monomial in T G (B) of length p > 2n − 1 is a consequence of a monomial identity of length at
hp be a monomial identity for B. Clearly we may assume that
hp is an identity for B and m is a consequence of this monomial. Thus we assume that D r = D hr h r−1 ... h 1 is nonempty for r < p and denote by I r the image of the composition h r h r−1 . . . h 1 . Notice that
Assume that there exists r such that 
hp , where i r+1 / ∈ {i 1 , . . . , i r }, is an identity for B. Clearly m is a consequence of m ′ . It remains only to verify that if p > 2n − 1 there exists r such that D r = D r+1 = D r+2 . First notice that if |D 1 | = n then {i 1 , . . . , i l } = {1, 2, . . . , n} = {j 1 , . . . , j l } and h 1 is a bijection in this set. Therefore
hp is an identity and clearly m is a consequence of it. Therefore we may assume now that |D 1 | ≤ n − 1. In this case there are at most n − 1 proper inclusions in (2) 
We consider the following graded polynomials:
e , if e ∈ G 0 (3)
g if e = g and B g = 0,
Lemma 3.3 The algebra B with the elementary grading induced by an ntuple g = (g 1 , . . . , g n ) of pairwise distinct elements of G satisfies the graded polynomial identities (3) − (5).
Proof. Clearly the polynomials in (5) are identities for B. Since the elements in g = (g 1 , . .
= e kl and the result of the substitution is zero. Analogously if (e kl e rs e ij ) = 0 the result is zero. The remaining case to consider is (e ij e rs e kl ) = 0 = (e kl e rs e ij ) and the result is also 0. 
Next we generalize this proposition to the case of a subalgebra B of A = M n (F ) generated by elementary matrices. Note that the algebra G(B) is a homomorphic image of the algebra G(A) by Theorem 2.2. The homomorphism constructed in the following remark will be usefull.
Remark 3.5
We construct a homomorphism from G(A) to G(B) as follows: the map x (k) ij → χ ij x k ij where χ ij = 1 if e ij ∈ B g and χ ij = 0 if e ij / ∈ B g induces an endomorphism θ of Ω extending this map. Hence
and therefore Θ(G(A)) = G(B). The restriction to G(A) gives the desired homomorphism (also denoted by Θ).
Corollary 3.6 Let B be a subalgebra of M n (F ) generated by elementary matrices with the induced G-grading and U 0 be the T G -ideal generated by the identities (3) − (5) satisfied by the graded algebra B. If m(x
and n(x
hp ) are two monomials in F X such that the matrices m(ξ
hp ) have in the same position the same nonzero entry then
gn ) be a monomial in F X . Let Θ be the homomorphism constructed in the previous remark. We have
It follows from Lemma 3.1 that the entries ofm(ξ
) are monomials in Ω. Note that if p is a monomial in Ω then θ(p) is either 0 or p. Hence (6) implies that the nonzero entries ofm(ξ
gn ) equal the corresponding entries ofm(ξ
). Thus the matrices m(ξ
hp ) have in the same position the same nonzero entry. Therefore Proposition 3.4 imples that m ≡ n modulo U A . The result is then a consequence of the inclusion U A ⊆ U 0 . To prove this we verify that every generator of U A is in U 0 and this follows from the inclusion G 0 ⊂ G A 0 .
Theorem 3.7 Let G be a group and let g = (g 1 , . . . , g n ) ∈ G n induce an elementary G-grading of M n (F ), where the elements g 1 , . . . , g n are pairwise different. If B is a subalgebra of M n (F ) generated by elementary matrices e ij then a basis of the graded polynomial identities of B consists of (3) − (5) and a finite number of identities of the form x h 1 1 . . . x hpp , where 2 ≤ p ≤ 2n − 1.
Proof. Let U be the T G -ideal of F X generated by the polynomials (3) - (5) together with the monomial identities x
hp of B with 2 ≤ p ≤ 2n − 1. It follows from Lemma 3.3 that U ⊆ T G (B). Hence to prove the theorem it is enough to show that every multihomogeneous G-graded identity of B lies in U . Assume, on the contrary, that f is a multihomogeneous graded identity that does not lie in U . We write f ≡ k i=1 α i m i modulo U , where the α i are non-zero scalars and m i are monomials in F X . We may assume that the number k of nonzero coefficients is minimal. If k = 1 then m 1 is an identity for B and Corollary 3.2 implies that it lies in U which is a contradiction. We now consider k > 1. Denote by m i the matrix in G(B) that is the result of substituting every variable x It follows from Lema 3.1 that the nonzero entries of the matrices m i are monomials in Ω. Therefore there exists a j > 1 such that m j and m 1 have in the same position the same nonzero entry. Thus Corollary 3.6 implies that m 1 ≡ m j modulo U . Hence f ≡ (α 1 + α j )m 1 + i =j m i modulo U . This last polynomial is an identity for B that does not lie in U with fewer nonzero coefficients than f and this is a contradiction.
Recall that a G-grading on an algebra A is called nondegenerate if for every integer r and any tuple (g 1 , . . . , g r ) ∈ G r the monomial x (1)
gr is not a graded identity for A (see [2, Observation 2.2]). A stroger condition is that A g A h = A gh for every g, h ∈ G and in this case the grading is called strong. The Z n -grading considered by Vasilovsky in [36] is strong and in particular nondegenerate and the basis determined consists of (1) and (2). In the next corollary we consider elementary G-gradings on M n (F ) that are closely related to this grading.
Corollary 3.8 Let G be a finite group with unit e and let M n (F ) be endowed with an elementary grading such that x
e is a graded polynomial identity. If the G-grading is nondegenerate then a basis for the graded identities of M n (F ) consists of the polynomials (3) and (4). Moreover in this case the grading is strong and G is a group of order n.
Proof. Let g = (g 1 , . . . , g n ) ∈ G n be a tuple inducing the elementary grading. If g i = g j for some i = j then the elementary matrices e ij and e ji have degree e and e ij e ji − e ji e ij = 0. Hence x
e is not a graded identity and this is a contradiction. Thus the elements in the tuple g are pairwise different. Since the grading is nondegenerate it follows from Theorem 3.7 that the polynomials (3) and (4) are a basis for the graded identities. Now we prove the last assertion. Note that since g consists of pairwise different elements we have |G| ≥ n. We claim that if |G| > n then there exists g 1 , . . . , g n ∈ G such that x (1)
gn is a graded identity. Clearly it follows from this claim that |G| = n. We construct the sequence as follows: since |G| > n we let g 1 ∈ G such that none of the elementary matrices e 11 , e 12 , . . . , e 1n have degree g 1 . Clearly the first line of ξ 
gn = 0 and it follows from Lemma 3.1 that x (1)
gn is a graded identity for M n (F ). Now we prove that the grading is strong. Let g ∈ G. Note that for each i the elementary matrices e i1 , . . . , e in have pairwise different degrees and since |G| = n the sequence of degrees is just a reordering of the elements of G. Thus there exists j such that e ij has degree g. Hence we obtain A g A h = A gh for any g, h ∈ G.
Remark 3.9 The proof of the last assertion in the previous lemma is based on the proof of Lemma 3.3 in [2] . In this lemma a characterization of nondegenerate gradings on finite dimentional G-simple algebras is given. 
Proof. If n > 1 then we apply the previous lemma to each block A ii to obtain a monomial that is a graded identity for M d i . The product of copies of these monomials in disjoint sets of variables is a monomial m such that the result of any substitution lies in the jacobson radical J of U T (d 1 , . . . , d n ). Since J is a nilpotent ideal, say J k = 0, the product of k copies of m in disjoint sets of variables is a monomial identity.
Matrices over the Grassmann algebra
We now turn our attention to matrices over the Grassmann algebra.
In this section we suppose F is a field of characteristic zero and we denote by E the Grassmann algebra of an infinite dimensional vector space over F with its natural Z 2 -grading E = E 0 ⊕ E 1 induced by the length of its monomials. For more information concerning the Grassmann algebra, see [19] .
We use the results of the previous sections and results of [15] to find a basis for the G × Z 2 -graded polynomial identities of U T (d 1 , . . . , d n ; E): the algebra of block-triangular matrices over the Grassmann algebra, which is isomorphic to the tensor product U T (d 1 , . . . , d n ) ⊗ E, and more generally of the algebra B ⊗ E, where B is a G-graded subalgebra of M n (F ) generated by elementary matrices with an elementary grading induced by an n- tuple  (g 1 , . . . , g n ) of pairwise distinct elements of G.
If B is a G-graded algebra the algebra B ⊗E has a natural G×Z 2 -grading induced by the gradings of B and of E. In such grading, the homogeneous component of degree
In order to work with the G × Z 2 -graded identities of B ⊗ E, we now consider the free associative algebra F Z , with Z = X ′ ∪ Y ′ , where X ′ = ∪X ′ g is the set of graded variables with G × Z 2 -degree (g, 0) and
is the set of graded variables with G × Z 2 -degree (g, 1). We denote elements of X ′ g and Y ′ g respectively by x
(i) g and y
g , for i ∈ N and g ∈ G. From now on, the variables labeled as z
Recall that in [15] the authors define a map ζ J , for J ⊆ N, which maps multilinear identities of B into identities of B ⊗ E. Such map is defined as follows.
First, we observe that F Z is both a Z 2 -graded algebra and G-graded algebra. Concerning the Z 2 -grading of F Z , one defines the map ζ as follows. If m is a multilinear monomial let i 1 < · · · < i k be the indices with odd Z 2 -degree occurring in m. Then for some σ ∈ Sym({i 1 , . . . , i k }), we write
where m 0 , . . . , m k+1 are monomials on even variables only. Then we define ζ(m) = (−1) σ m Definition 4.1 Let J ⊆ N. We define ϕ J : F X −→ F Z to be the unique G-homomorphism of algebras defined by
The map ζ J extends by linearity to the space of all multilinear polynomials in F X and for each multilinear polynomial in F X , ζ J (f ) is also a multilinear polynomial in F Z .
We now recall Theorem 11 of [15] .
Theorem 4.2 Let
A be a G-graded algebra and E ⊂ F X|G be a system of multilinear generators for T G (A). Then the set
Since the basis of the graded polynomial identities of U T (d 1 , . . . , d m ), described in Theorem 3.7 contains polynomials in at most 2n − 1 variables, it is enough to consider J ⊂ {1, . . . , 2n − 1}. e we obtain up to endomorphisms of F X|G × Z 2 the following polynomials
Applying the map ζ J (for J ⊆ {1, 2, 3}) to the polynomial x
g we obtain up to endomorphisms of F X|G×Z 2 the polynomials
gp is a G-graded monomial identity of the algebra B, generated by elementary matrices, for some 1 ≤ p ≤ 2n − 1 then up to some endomorphism of F X|G × Z 2 , ζ J (m) = z g = (g 1 , . . . , g n ) ∈ G n induce an elementary G-grading of M n (F ), where the elements g 1 , . . . , g n are pairwise different. If B is a subalgebra of M n (F ) generated by matrix units e ij , then a basis of the graded polynomial identities of the algebra B ⊗ E consists of the polynomials (10) − (16) and a finite number of identities of the form z Remark 4.5 It interesting to observe that in characteristic p case the map ζ J also maps multilinear identities of B into multilinear identities of B ⊗ E. But such identities may not be enough to generate all G×Z 2 -graded identities of B ⊗ E, since in positive characteristic, the identities may not be generated by the multilinear ones.
As an example one can consider the field F , as the algebraic closure of the prime field Z p , graded by the trivial group. The ideal of identities of F are generated by the polynomial [x 1 , x 2 ], but the algebra F ⊗ E, which is isomorphic to E, satisfies the Z 2 -graded identity 
